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A three-dimensional model of particulate flows using the Reynolds Averaged Navier-
Stokes method is presented. The governing equations of the gas–solids flow are supple-
mented with appropriate closure equations to take into account all the relevant forces
exerted on the solid particles, such as particle-turbulence interactions, turbulence modula-
tion, particle–particle interactions, particle–wall interactions, as well as gravitational, vis-
cous drag, and lift forces. A finite volume numerical technique was implemented for the nu-
merical solution of the problem. The method has been validated by comparing its results
with the limited number of available experimental data for the velocity and turbulence in-
tensity of the gas–particle flow. The results show that the presence of particles in the flow
has a significant effect on all the flow variables. Most notably, the distribution of all the pa-
rameters becomes asymmetric, because of the gravitational effect on the particles and parti-
cle sedimentation.VVC 2011 American Institute of Chemical Engineers AIChE J, 57: 2977–2988, 2011

Keywords: diffusion (mass transfer, heat transfer), fluid mechanics, mathematical
modeling, multiphase flow, numerical solutions

Introduction

Particulate confined flows and flows in channels have
numerous engineering applications ranging from pneumatic
conveying systems to coal gasifies and chemical reactors.
They comprise one of the most thoroughly investigated sub-
jects in the area of multiphase flow. Particulate flows are
complex and are influenced by several physical variables,
such as particle sedimentation, interparticle collisions, and
particle forces, namely gravitational, lift, and drag forces.

For this reason, the early models of particulate flow were
based on correlations or were simply phenomenological with

the effects of several of these primary variables lumped together
in several key flow parameters, such as the loading of the flow,
or the density distribution of the multiphase mixture.1,2 These
models provide very useful practical/engineering information
on the pressure drop or other quantities of practical interest, but
do not provide any information on the details of the flow field,
the distribution of the two phases or the effects of turbulence.3

A more thorough approach to the transport of solids in

pipes was adopted in the 1980s when several of the primary

flow parameters were investigated analytically or experimen-

tally. Among these studies, the experimental results4 showed

that the decrease of the mean flow velocity in a horizontal

channel results in the pronounced asymmetry of the distribu-

tions of all physical variables. These experiments also con-

firmed earlier empirical studies that a minimum mean flow

velocity must be maintained for the particles to be transported
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or they will settle on the lower channel surface. The magni-

tude of this minimum transport velocity was examined by Da-

vies5 and Cabrejos and Klinzing.6 The settling process and

the asymmetry of the horizontal flow depend strongly on the

transport velocity. High transport velocities imply no settling

and almost symmetric flow distribution.
Almost symmetric distributions of the average and fluctua-

tion velocities of the gas and the solid phase were observed
in the horizontal pipe flow by Sommerfeld7 at the rather
high transport velocity of 18 m/s. Sommerfeld7 also showed
that the particle–wall and particle–particle collisions play an
important role in the velocity field formation. He used a sto-
chastic model of interparticle collisions8 in which a fictitious
particle with which the other particles collided was randomly
introduced, using a random-number generator. A similar
approach was used by Oesterle and Petitjean9 and Tanaka
and Tsuji10 to illustrate the influence of interparticle colli-
sions. However, the last study was restricted to a short pipe
segment. Louge et al.11 and Cao and Ahmadi12 described the
interparticle collisions within the Eulerian approach for par-
ticulate flow by means of the granular flow theory, which
was originally promulgated by Gidaspov.13

A great deal of research has been also done on the subject
of turbulence in particulate flows, where it was first ascer-
tained that, in general, fine particles attenuated the turbulence
intensity of the carrier fluid, whereas larger particles enhanced
it.14 Turbulence attenuation has been described quantitatively
by a number of models, such as the ones by Yuan and Michae-
lides,15 Yarin and Hetsroni,16 and Crowe.17 The latter study
incorporated two turbulence modification mechanisms into a
hybrid length and predicted fairly accurately the turbulence
enhancement or attenuation in terms of the velocity slip and
the loading. The Reynolds Averaged Navier-Stokes (RANS)
model, presented here, uses the method17 for simulating the
turbulence modification phenomena.

There are a number of numerical studies published in recent

years focusing on multiphase flows in confined flow domains.

They are performed mostly within the frame of Eulerian-Lagran-

gian simulations. The simplified Euler–Euler model of Guet

et al.18 predicted the void fraction and velocity profiles in vertical

upward bubbly pipe flows. The authors devised a method to com-

pute the flow field with a large number of flow constraints associ-

ated with the effects of a gravitational pressure gradient. For a

fully developed, axially symmetric flow, these conditions were

reduced to a set of first-order equations that were solved with a

fast convergence method. The Lagrangian particle tracking

approach was performed for numerical simulation of bubbly flows

by Göz et al.19 These authors used a new numerical technique

that allowed the tracking of heavy particles together with light

solid particles in a fluid. Their analysis suggested the criteria for

choosing an optimal time step to avoid numerical instabilities.
The 3-D and the time-dependent Euler-Lagrange simula-

tions of the turbulent gas–solid flow in cyclone separators
have been performed by Derksen et al.20 The authors consid-
ered solid particles with different sizes, which are tracked by
the LES method. The effect of particle-to-gas coupling on
the gas-flow has taken into account even for low loadings,
down to 0.2 loadings. The authors found that the presence of
solid particles caused the damping of the swirl intensity in
the cyclone with strongly attenuated turbulence. These two

effects have had significant consequences for the perform-
ance of the cyclone. The collection efficiency responded in a
more complicated manner to the mass loading, with mostly
increased cut sizes, and increased overall efficiencies.

Among the more recent studies, Fairweather and Yao21

studied the particle dispersion in a square duct flow. They
applied the LES-Lagrange particle tracking method with
one-way coupling and with a polydisperse particle composi-
tion. The authors showed that the small particles were much
more influenced by the secondary flow and had almost uni-
formly distributed concentration. Also, deposition of large
particles on the duct floor was observed. A detailed analysis
of the flow influence on the particle’s dispersion was per-
formed in this study using a dynamical type of analysis.

One of the salient features of particulate flow is the radial de-
pendence of axial velocities, which is caused by the action of
gravity and is a more general manifestation of the ‘‘Boycott
effect,’’ which was observed during the process of sedimenta-
tion. Boycott22 discovered this technique first by observing that
oxalated or defibrinated blood corpuscles sediment much faster
in an inclined tube than in a vertical one. During the sedimenta-
tion process with the Boycott effect, the particles first approach
the inclined wall of the tube and form concentrated slurry, as
leaving above them clear liquid. The slurry is significantly
heavier than the clear liquid and slides along the inclined tube
until it reaches the bottom.23 Some features of the Boycott
effect for gas–particle flows, which are associated with density
waves in granular materials were examined experimentally by
Raafat et al.,24 who observed a nearly stationary structure of
density waves, and numerically by Strauss et al.25

The description of two-phase gas–solid particle turbulent
flows in horizontal channels is usually carried out by means of
one- or two-dimensional models. For example, Kartushinsky
and Michaelides26 carried out the numerical simulation of the
motion of particles within a frame of a two-phase turbulent
boundary layer (TBL) approach by means of the decomposi-
tion of particulate flow onto the so-called falling and rebound
particulate flows. This allowed them to derive numerically the
asymmetric distributions of the longitudinal velocities of both
phases and the turbulent energy profiles across the flow and
also to derive other flow details and results that compared well
with the experimental observations by Tsuji and Morikawa.4

The flow asymmetry was apparent in the computations as well
as the particle deposition and the saltation motion at the bot-
tom wall of the channel.

It must be pointed out that the model by Kartushinsky and
Michaelides26 pertains to vertical, symmetric flows in pipes,
whereas the one by Kartushinsky and Michaelides27 uses the
TBL approximation. Within that approximation and to examine
the asymmetric distributions of the average velocity profiles of
the gas and the dispersed phases, the particles were divided as
‘‘falling particles’’ and ‘‘rebounding particles.’’ Thus, the previ-
ous approach introduced artificially different particles to take
into account the interparticle collisions. The current model does
not use the TBL approximation, calculates the radial and azi-
muthal velocities of the particles from conservation equations,
and this does not make the use of the two types of ‘‘falling’’ and
‘‘rebound’’ particles. Thus, it is simpler, uses state of the art
modeling and computational techniques, and it is more accurate
because it does not use approximations. Thus, the present model
uses a minimum number of assumptions and empiricism and
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represents a more contemporary computational approach in tur-
bulent particulate flow.

The theory of rapid granular flow has also been used
recently to model and simulate gas–solid particle turbulent
flow in vertical and inclined pipes. The study by Zhu et al.28

was based on this theory and includes quantities such as the
granular temperature, which may only be defined for the
particulate phase. This work is simply based on the mechani-
cal conservation equations, does not use the concept of
granular temperature and uses the minimum set of mechanistic
closure equations, which are necessary to solve the problem.

We used the two-fluid model for multiphase flows and
applied it to relatively dilute flows. The addition of the con-
cept of porosity and a porosity factor in the models would not
be a problem when the flow is dense. However, for less than
10% volume concentrations, the addition of the porosity is not
necessary. One of the advantages of this approach is that we
have used closure equations (such as the turbulence modula-
tion model) that may not be used in the framework of the rapid
granular flow model. Another advantage is that one may
account for both the effects of particle-turbulence interaction
and the interparticle collisions, within the same model and
with closure equations that are compatible. With this, we can
observe the turbulent diffusion of the particles at the same
time as the particle dispersion, which is due to particulate
interactions. The fluid viscosity moderates both of these proc-
esses as well as the turbulence of the entire flow.

As there are only a few studies related to the three-dimen-
sional modeling of particulate flows that are based on the
Eulerian description of the dispersed phase, the present
model and the accompanying analysis and computations will
be of interest to scientists and engineers that model granular
and particulate flows in horizontal channels.

Governing Equations

Figure 1 depicts a schematic diagram of the three-dimensional
pipe flow and shows explicitly the linear and angular velocities
of the solid phase within the two phase mixture in the pipe.

Continuity equation of the fluid phase

@

@x
ruð Þ þ @

@r
rvð Þ þ @w

@h
¼ 0 (1)

where u, v, and w are the longitudinal, radial, and azimuthal
velocity components of the gas phase, respectively.

Longitudinal linear momentum equation
of the fluid phase
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(2)

where ~mt ¼ mt þ m is the turbulent viscosity, which is the sum
of the turbulent and laminar viscosities; the turbulent viscosity
is calculated from the expression mt ¼ cl

ffiffiffi
k

p
L0 with cl ¼ 0:09

(cl is numerical constant from k � e model); k is the turbulent
kinetic energy, and L0 is the integral length scale of single-
phase flow defined by Crowe17; p is the pressure; a is the mass
concentration; ur ¼ u� us, vr ¼ v� vs, and wr ¼ w� ws are
the velocity differences between the gas and the dispersed
phase occurring in the axial, radial, and azimuthal directions,
respectively; s0p ¼ sp

C0
D

is a particle response time that specifies
the drag for the motion of the particles in the non-Stokesian
regime: C0

D ¼ 1þ 0:15Re0:687s with the particle Reynolds

number given by the expression: Res ¼ d
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2rþv2rþw2

r

p
m ¼ d ~Vrj j

m .29

The Stokesian3 particle response time, sp, is sp ¼ 18qm
qpd

2

� ��1

; q

and qp are the densities of air and particle, respectively, and d
is the particle size. If the solids mixture is polydisperse, then a
momentum equation is solved for each fraction, whose
diameter is denoted by di or the equivalent diameter for
irregular particles30 and the material density by qpi.

3

The Magnus lift force is calculated from the expression:

~FM ¼ q
2
~Vr

�� ��CL
pd2~Vr�~X
4 ~Xj j , with the angular slip velocity calcu-

lated in the cylindrical coordinates from the expression:

Figure 1. Schematic diagram of the flow configuration
and velocities of solid particles.
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where the ort-vectors ~i, ~j, and ~k are in the streamwise, radial,
and azimuthal directions, respectively, and ~xs ¼ xsx

~i þ
xsr

~jþ xsh
~k is the angular velocity of a solid fraction. For

the closure equations, the coefficient of Magnus lift force is

calculated by the closure equation: CM ¼ qCL
~Vrj j

qpd ~Xj j , with the lift

coefficient given as CL ¼ minð0:5; 0:5vÞ, where the parameter

vi is defined as: v ¼ d ~xsj j
~Vrj j .

3,31 fs is the coefficient for the so-

called Saffman force, which is due to the local shear of the
flow. This coefficient is given by the closure equation:

fs ¼ 3:07�qw
qpd

ffiffiffiffiffiffiffiffiffi
m

rot~Vj j
q

~Vr � rotV
*

	 

, and the correction w has been

calculated by Mei32 as follows:

w ¼ 1� 0:3314
ffiffiffi
b

p
exp �0:1Resð Þ þ 0:3314

ffiffiffi
b

p
Res � 40

0:0524
ffiffiffiffiffiffiffiffiffiffi
bRes

p
Res > 40

�

with b ¼ d rot~Vj j
2 ~Vrj j in the range: 0.005\ b\ 0.4.

The lift force is a consequence of Newton’s second
law. It appears in particulate flows whenever there is
shear and must be included in the balance of forces for
the particles. In our modeling, the particles move mainly
under impact of four force factors: the viscous drag, grav-
itation, lift forces, and turbulent diffusion. Another vari-
able that may provide ‘‘lift’’ near a boundary is the slip
velocity at the wall, which was used by Zhu et al.28 It
appears that in the model28 this effect as well as the tur-
bulent diffusion of particles near the wall compensated
for the missing lift force.

Radial linear momentum equation of the fluid phase
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It must be pointed out that since the full Navier-Stokes
equations are used in this model the radial momentum
equation is not simply reduced to a vanishing average
transverse velocity.27 This full modeling of the radial ve-
locity, rather than take a shortcoming, is one of the
advantages of using the RANS method. It must notice,
however, that the magnitude of the radial velocity is
expected to be significantly smaller than that of the axial
velocity.

Azimuthal linear momentum equation of fluid phase
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As with the momentum equation in the radial direction,
the effects of the fluid phase rotation, the Magnus force, and
the Saffman force effected on the particles are explicitly
taken into account.

Turbulent kinetic energy equation of the fluid phase
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where the production term describes the generation of the
turbulent energy caused by the velocity gradient of gas, Pk.
This term is given by the following closure equation:

Pk ¼ mt 2
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; l

where k ¼ 0:5 u02 þ v02 þ w02
	 


is the turbulent kinetic energy;
eh ¼ k

ffiffi
k

p
Lh

is the rate of dissipation, which is computed
according to the four-way coupling model17 using the
definition of a hybrid length scale Lh ¼ 2L0k

L0þk. Lh is the
harmonic average of the integral length scale of single-
phase flow L0 and an average interparticle distance, k ¼ffiffiffiffiffiffi

pqp
6qa

3

q
� 1

	 

d. ks ¼ 0:5 u02s þ v02s þ w02

s

	 

c

is the collision

energy of particles and is computed according to the model.33

The last term in the right-hand side of Eq. 5 takes into account
the turbulent kinetic energy attenuation by the particles. It is
computed according to Pourahmadi and Humphrey34 with the
turbulent integral time scales of single phase being given as

T0 ¼ 0:3 k0
e0
, rk is a numerical constant in the k � e model,

equal to rk ¼ 1.
The most commonly used turbulence modulation model

for particulate flows is the one by Crowe,17 which takes into
account the influence of particles on the gas turbulence. The
main difference of the model17 from the so-called ‘‘classi-
cal’’ k � e is that it includes only one differential equation,
the one for the turbulent specific kinetic energy, k. The
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dissipation rate for this model is calculated by the turbulence
macroscale, which depends on the dissipation rate of the sin-
gle phase flow and the interparticle distance, k. The main
contribution of the particle feedback to the turbulence of the
carrier fluid is determined by the following:

1. the square of velocity lag between the average veloc-
ities of the carrier fluid and the dispersed phase and

2. by the interparticle distance, k, which is a measure of
the concentration of particles.

This additional turbulence enhancement is balanced by
the dissipation of the turbulent energy determined by the
harmonic length, Lh. This k–L model gives accurate results
in the two-phase turbulent pipe flows.26,33 It must be noted
that k–L model stems from the k � e model and it is essen-
tially the adaptation of the latter to particulate flows by the
introduction of the harmonic turbulence scale Lh which is
calculated by interparticle distance k. Thus, the k–L model
captures the particle feedback on the turbulence, which the
classical k � e does not without an ad hoc tuning/calibra-
tion of the model constants. For example, the classical k–e
model when used with particulate flows35 suffers from the
problem of the description of the turbulence generation
term. The latter is simply proportional to the square of the
velocity slip between phases in k–L model. In this article,
we performed some calculations with the classical k � e
model and compared them with the results of the k–L
model.

For this reason, we prefer to use the k–L model rather
than k � e model for the modeling of the particulate turbu-
lent flows.

Continuity equation of the dispersed phase
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where ~us, ~vs, and ~ws are the longitudinal, radial, and azimuthal
components of the particles drift velocity, respectively, and are
given by the following equations:

~us ¼ us � Dt þ Dx
c

� � @ ln a
@x

; ~vs ¼ vs � Dt þ Dr
c

� � @ ln a
@r

;

~ws ¼ ws � Dt þ Dh
c

� � @ ln a
r@h

: ð6bÞ

The given expressions for the longitudinal, radial, and azi-

muthal components of the particle velocities consist of the

two parts: the linear velocity itself and the drift velocity.

The latter is the result of the diffusion of particles and is

due to the nonuniform distribution of the particle concentra-

tion along the flow domain.
The coefficient of the particle turbulent diffusion Dt that

takes into accounts the influence of the turbulent motion of

the gas on the dispersion of the particles is calculated

according to the model35:

Dt ¼ 2k
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The pseudoviscosity diffusion coefficients in the longitudi-
nal, Dx

c, radial, D
r
c, and azimuthal, Dh

c directions are results
of the particle collisions, and they are not constants and cal-
culated analytically according to the model by Kartushinsky
and Michaelides.33

Longitudinal linear momentum equation
of the dispersed phase

@

@x
ar us~us � ~ms

@us
@x

� �
þ @

@r
ar us~vs � ~ms

@us
@r

� �

þ @

@h
a us ~ws � ~ms

@us
r@h

� �
¼ @

@x
~msr

@us
@x

� �

þ @

@r
~msr

@vs
@x

� �
þ @

@h
~ms
@ws

@x

� �

þ ar
ur
s0p

þ vr CMXh þ fsxhð Þ � wr CMXr þ fsxrð Þ
" #

; ð7Þ

where ~ms ¼ mst þ msc is the pseudoviscosity coefficient of the
dispersed phase calculated as coefficient due to the particles
involvement into turbulent motion by model of Zaichik and
Alipchenkov36 as mst ¼ mþ sk

3
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 �

and calculated
due to interparticle collisions by the model.33

Radial linear momentum equation of the
dispersed phase
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where g is the acceleration of gravity.

Azimuthal linear momentum equation
of the dispersed phase
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Angular momentum equation of the dispersed phase in
the longitudinal direction
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where ~mxs ¼ mst þ mxsc, mst is the turbulent viscosity coefficient
of particles involved into the turbulent motion, and mxsc is the
coefficient of the collisional pseudoviscosity calculated
according to the model.33 The additional terms in the
equations of the dispersed phase are the pseudodiffusion
coefficients, Dx

c, Dr
c, Dh

c , which are in Eq. 6b, and the
pseudoviscosity coefficients, msc, mxsc, in Eqs. 7–10. These
terms are obtained analytically from Kartushinsky and
Michaelides33 and take into account the interparticle colli-
sions. These collisions are important, especially at the bottom
of the pipe, where particle accumulation is always observed. In
the calculations, we applied the particle distribution function
model of Zaichik and Alipchenkov36 to derive the coefficients
mst.

The right-hand side of Eq. 10 takes into account the tor-
que in the longitudinal direction due to the viscosity of fluid
phase. According to Happel and Brenner,37 the coefficient
Cx ¼ 10

3
.

Angular momentum equation of the dispersed
phase in the radial direction

@

@x
ar xsr~us � ~mxs

@xsr

@x

� �
þ @

@r
ar xsr~vs � ~mxs

@xsr

@r

� �

þ @

@h
a xsr ~ws � ~mxs

@xsr

r@h

� �
¼ �aCx

Xr

sp
(11)

Angular transfer equation of the dispersed phase
in the azimuthal direction

@

@x
ar xsh~us � ~mxs

@xsh

@x

� �
þ @

@r
ar xsh~vs � ~mxs

@xsh

@r

� �

þ @

@h
a xsh ~ws � ~mxs

@xsh

r@h

� �
¼ �aCx

Xh

sp
(12)

Equations 10–12 result from the three-dimensionality of
the particles rotation, which is caused by the fluid viscosity,
collisions, and other effects.

One of the novelties of this model is the transition from
the two-dimensional to the three-dimensional particulate
flow model. The well-known equations of the three-dimen-
sional single-phase flows are extended to the three-dimen-
sional particulate flows using the following common assump-
tions:

1. there is no hydrostatic pressure for the dispersed
phase,

2. the expressions written for the viscosity terms of the
single-phase and the dispersed phases are different because

they take into account the particle influence on the fluctuat-
ing turbulent motion, and

3. there is a velocity slip along the walls for the particu-
late flow, which results from the particles inertia and the col-
lision processes with the wall.

All the velocities of carrier fluid and solid phase are
according to the practice of the RANS modeling that is we
used Favre’s time average equations for the gas phase and
the dispersed phase. The two phases are coexisting phases in
the flow domain (two-fluid model). For the solution, we con-
sidered initially stationary conditions but not steady-state
conditions. The flow was developed during calculations up
to 50 pipe diameters and became fully developed flow.

Boundary Conditions

It is assumed that the particles enter the pipe into a developed
and previously computed single-phase velocity field. The par-
ticles are introduced with a lesser velocity, which is characterized
by a lag coefficient, klag, being uniform in all directions:

x ¼ 0; us ¼ klagu; vs ¼ klagv; ws ¼ klagw;

xsx ¼ xsr ¼ 0; xsh ¼ klag 0:5r�~vð Þ (13)

Because the particles deposit onto the bottom wall of the
pipe, the symmetrical boundary conditions at the pipe axis
do not apply for r ¼ 0. Therefore, we bring into considera-
tion the elementary volume of the flow field, which is
located near the point r ¼ 0 and calculated by the grid
mesh. The flow parameters are calculated for the given vol-
ume element at r ¼ 0 by integration over the azimuthal

coordinate, f x;Drð Þh ijh¼
R p
0
f x;Dr; hð Þdh. Thus, the obtained

linear and angular velocities of both phases, the particle
mass concentration, and the turbulent kinetic energy have
the values which are not equal to their adjacent values
located at one mesh size grid off r ¼ 0.

Thus, the asymmetrical pipe flow conditions at r¼ 0 look like:

r ¼ 0 : u ¼ u x;Drð Þh ijh; v ¼ v x;Drð Þh ijh;
w ¼ w x;Drð Þh ijh;
us ¼ us x;Drð Þh ijh; vs ¼ vs x;Drð Þh ijh
ws ¼ ws x;Drð Þh ijh; a ¼ a x;Drð Þh ijh;
xsx ¼ xsx x;Drð Þh ijh; xsr ¼ xsr x;Drð Þh ijh;
xsh ¼ xsh x;Drð Þh ijh;
k ¼ k x;Drð Þh ijh:

(14)

At the wall vicinity the nonslip condition is applied by the wall
function approach in a way that is similar to the methods.38,39

These methods were adapted to the control volume applica-
tions:

r ¼ R : uþ ¼ u

us
¼ 1

j
ln yþ þ 5:2; v ¼ w ¼ 0;

us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j � c0:25l u � u02þv02þw02

2

	 
0:5
ln E � yþð Þ

vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j � c0:25l u � k0:5
ln E � yþð Þ

s
;

j ¼ 0:41;E ¼ 8:43171:

(15)
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The slip boundary condition is prescribed for the dispersed
phase along the wall as the first step in the calculations,
according to Ding et al.40 For the subsequent computations,
the parameters of the particle–wall interactions are deter-
mined according to the model.41 Regarding these interac-
tions, one of the two cases is possible:

a. sliding collision and
b. nonsliding collision.
These two cases are characterized by the appropriate val-

ues of the restitution coefficient, kn, and the friction coeffi-
cient, f.

The boundary conditions set at the wall in case of the slid-
ing collision are as follows:

r ¼ R : us ¼ �k
@us
@r

; vs ¼ �k
@vs
@r

;

ws ¼ �k
@ws

@r
;
@a
@r

¼ 0;xsx ¼ k
@xsx

@r
;xsr ¼ 0

xsh ¼ k
@xsh

@r
;

(16)

where the interparticle spacing is given by the closure equation

according to Crowe et al.31 as: k ¼ d p
6

qp
qa þ 1
	 
h i1=3

�1

� �
.

The last expression allows the imposition of the boundary
condition for the dispersed phase as the ‘‘sliding’’ condition
of particles along the wall.40 Thus, when the particles come
in contact with the wall they do not stop, but are allowed to
have a finite velocity component in the longitudinal direction
along the wall. The sliding is due to a combination of the
particles’ inertia and gravity forces that apply near the pipe
walls. Thus, when the particles collide with the bottom wall,
their linear and angular velocities are recalculated according
to Kartushinsky and Michaelides.26 The same boundary con-
ditions are set for both phases at the top (h ¼ 0) and the bot-
tom (h ¼ p) halves of the flow domain:

h ¼ 0 :
@u

@h
¼ @k

@h
¼ @us

@h
¼ @a

@h
¼ @xsr

@h
¼ v ¼ w ¼ vs ¼ ws ¼ xsx ¼ xsh ¼ 0; (17a)

h ¼ p :
@u

@h
¼ @k

@h
¼ @us

@h
¼ @a

@h
¼ @xsr

@h
¼ v ¼ w ¼ vs ¼ ws ¼ xsx ¼ xsh ¼ 0; (17b)

The exit of the cylindrical channel, where the flow reaches
a steady state, is assumed to be at x ¼50D. The following
boundary conditions define the steady state:

x ¼ 50D :
@u

@x
¼ @v

@x
¼ @us

@x
¼ @vs

@x
¼ @ws

@x
¼ @xsx

@x
¼ @xsr

@r

¼ @xsh

@r
¼ @a

@x
¼ @k

@x
¼ 0: (18)

Numerical Method

The control volume method is applied to solve the govern-
ing differential equations numerically. The governing equa-
tions were solved using the ILU method, which incorporates
a strong, implicit procedure with lower and upper matrix
decomposition,39 and with flux- blended and deferred correc-

tion scheme, which was first used by Perić and Scheuerer.38

Approximately 31,360,000 control volumes were used with
equal grid sizes along the axial, radial, and azimuthal direc-
tions. The number of control volumes along the radial direc-
tion is 28, the number of control volumes along the azi-
muthal direction is 40, and the number along the axial direc-
tion is 2,800. The later coincides with a distance of 50 radii
along the horizontal pipe. To use the wall functions as the
boundary conditions, one step from the wall boundaries has
been chosen as the starting point of the wall functions with
the logarithmic velocity distribution for the gas phase. The
friction velocity v* was calculated through the turbulent
kinetic energy equation, as a result of the balance of the
kinetic energy production and its dissipation in the vicinity
of the wall at the distance yþ ¼ 11.6, as recommended by
Perić and Scheuerer.38

Because the flow is asymmetric, the entire solution pro-
cess is computationally intensive and each computation
requires up to 1 week of CPU time in a Sun processor. We
performed a grid independence test and made computations
for two different numbers of finite volumes with (a)
3,136,000 and (b) 9,120,000.

The numerical results are presented in Figures 1 and 2 for
the k-profiles (turbulent energy) and for the particle mass
concentration. It is evident that the behavior of these basic
flow parameters is almost insensitive to this change of the
numbers of finite volumes, which implies that the use of
3,136,000 volumes is sufficient for the convergence of the
numerical method and derivation of accurate results. For this
reason, we adopted the value of 3,136,000 control volumes
for the computations that follow.

Results and Discussion

All the numerical results that appear in the following plots
have been obtained at the exit of the pipe, which is at x/D ¼
50 with D ¼ 0.0305 m. The results are presented in dimen-
sionless form with all the velocities and kinetic energies

Figure 2. Normalized turbulent energy profiles of the
gas phase for two numbers of finite volumes
(fv): 3,136,000 and 9,120,000.

The mean transport velocity is 6 m/s.
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reduced by the gaseous velocity at the centerline um. The
area-averaged gas velocity u varies from 6 to 15 m/s and
this yields a change for the Reynolds number from 12,000 to
30,000. Unless otherwise specified, the calculations used rel-
atively light, monodisperse spherical polystyrene particles
with material density qp ¼ 1,020 kg/m3 and mean particle
size of 5 ¼ 0.21 mm. Two mass loadings were considered,
m* ¼ 2.5 and m* ¼ 10. Collisions in such monodisperse
particulate mixtures occur mainly because of the fluctuating
particle velocities. Additional collisions occur at the bottom
of the cylindrical channel, where particles accumulate and
their concentration is significantly higher than the average.

In all given figures, there are plots across the whole cross
section of flow from top (y ¼ �1) to the bottom (y ¼ þ1)
through the pipe center, whereas the azimuthal angle that

changes from 0 at top wall surface to 180� at bottom wall
surface passing by mid cross section at angle 90�.

The Figure 3 shows normalized particle mass concentra-
tion profiles for two numbers of finite volumes (fv):
3,136,000 and 9,120,000 for the mean transport velocity of 6
m/s and mass loading m* ¼ 10. A glance at Figures 2 and 3
shows that the results with the finer grid are almost identical
to the ones of the coarser grid. From the two figures, one
may conclude that the grid with 3,136,000 finite volumes is
sufficient for the convergence of the numerical scheme and
yields accurate results.

Figures 4 and 5 depict the longitudinal profiles of the gas-
eous phase velocity and the particle phase velocity using
two average gas transport velocities, �u ¼ 15 and 6 m/s and
two mass loading of the flow: m* ¼ 2.5 and 10. The top of
the channel is at r/R ¼ �1 and the bottom at r/R ¼ 1. It is
apparent that the effect of gravity on the particles causes an
asymmetric velocity profile for both phases, with a maxi-
mum slightly above the centerline. The experimental data4

are also shown in the figure. It is observed that the experi-
mental data agree well with the numerical computations for
the same loading, because the difference between the com-
putational results and the experimental data is well within
the experimental uncertainty of the data. It is also observed
that the asymmetry of the flow is more pronounced in the
case of the lower velocity (6 m/s), where it is expected that
a higher number of particles fall to the bottom of the pipe
and move by saltation or rolling. This is corroborated by the
results on particle concentration, shown in Figure 10 for
lower m* ¼ 2.5 kg/kg versus the higher mass loading of the
flow, m* ¼ 10 kg/kg. The fluid velocity also is decelerated
significantly more close to the bottom wall where more par-
ticles reside. In Figures 4 and 6, the results for the average
velocity profile and the turbulent energy obtained with the
help of typical k � e model35 are also presented by bold

Figure 4. Normalized axial velocity profiles of the gase-
ous and particulate phases for average veloc-
ities of 15 m/s.

The experimental data are from Tsuji and Morikawa.4

Figure 3. Normalized particle mass concentration pro-
files of the gas phase for two grids with num-
bers of finite volumes (fv): 3,136,000 and
9,120,000.

The mean transport velocity is 6 m/s and m* ¼ 10.

Figure 5. Normalized axial velocity profiles of the gase-
ous and particulate phases for average veloc-
ities of 6 m/s.

The experimental data are from Tsuji and Morikawa.4
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dash lines. It is apparent that the k–L model shows better
agreement with the experimental data.

The turbulent energy profile shows a similar asymmetry as
shown in Figures 6 and 7, which depict the normalized tur-
bulent kinetic energy (turbulence intensity) of the gaseous
phase for the two mean flow velocities of gas phase, u ¼ 15
and 6 m/s. It is observed that there is higher turbulence in-
tensity at the top of the channel than at the bottom, where
the higher concentration of the particles occurs. This is due
to the lower velocities at the bottom of the channel and the
higher attenuation due to the presence of the small particles.
As expected in channel flows, the turbulence intensity is sig-
nificantly higher at the walls and becomes almost uniform in
the middle of the channel. Another observation in Figure 6

is that the smaller particles mainly attenuate the turbulence,
and thus, the turbulence profile at m* ¼ 10 is lower than at
m* ¼ 2.5.

Figure 8 depicts the axial velocity component of the dis-
persed solids phase in the flow cross section for the case of
average gas transport velocity of 15 m/s for two loadings. It
may be seen that the velocity profiles of the dispersed phase
are almost uniform with slight decreases close to the two
walls, where collisions slow down the solids. Again the com-
putations show good agreement with the data by Tsuji and
Morikawa.4

Figure 9 depicts the radial and azimuthal velocity profiles
of the particulate phase for average gas velocity of 15 m/s
again for two loadings m* ¼ 2.5 and 10 kg/kg. It is observed
that, throughout the channel there is a small but finite azi-
muthal velocity. The magnitude of the radial velocity is also

Figure 6. Normalized turbulent kinetic energy profiles
for 15 m/s average gas velocities.

The experimental data are from Tsuji and Morikawa.4

Figure 7. Normalized turbulent kinetic energy profiles
for 6 m/s average gas velocities.

The experimental data are from Tsuji and Morikawa.4

Figure 8. Normalized axial velocity of dispersed phase
for 15 m/s average transport velocity.

The experimental data are from Tsuji and Morikawa.4

Figure 9. Normalized r (radial)- and z (azimuthal)-veloc-
ity profiles of solids in a horizontal pipe flow
for u 5 15 and 6 m/s and m* 5 10.
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very low and exhibits the typical profile of radial velocity in
channel flow.

Figure 9 shows the normalized radial and azimuthal pro-
files of the solids velocity. Because the pipe wall is impene-
trable, the radial velocity of the dispersed phase should be
zero at the top and bottom of the channel if the collisions of
the particles were elastic. In this case, we have inelastic col-
lisions with kp ¼ 0.95. This is the cause of the observed
jump in the radial velocity component of the dispersed phase
close to the two walls. This is also predicted by the relevant
boundary condition, Eq. 16. Of course, the magnitude of
both normalized radial and azimuthal velocities are much
smaller than that of the longitudinal velocity of the dispersed
phase. Hence, any contribution of the radial and azimuthal
velocities to the transport of solids would be just a perturba-
tion on the average flow.

Figure 10 shows the distribution of particle mass concen-
tration across the cylindrical channel for two cases with u ¼
15 m/s and two mass loadings, m* ¼ 2.5 and 10. It is

observed that gravity causes the accumulation of particles at
the bottom of the pipe.

Figure 11 depicts the distribution of the normalized angu-
lar velocity of the solids phase in all three directions. It is
observed that the azimuthal average velocity component is
an order of magnitude higher than the other components.
This occurs because this component of the angular velocity
is generated by the axial velocity of the dispersed phase,
which is also much higher than two other linear velocity
components. It is also observed that this component
increases significantly close to the bottom boundary where a
great deal of collisions and saltation occur as corroborated
by Matsumoto and Saito.41 There is a slight increase at the
top boundary because of the collisions there. This is signifi-
cantly less pronounced because of the very low concentra-
tion of solids at the upper boundary. The figure also shows
the azimuthal average velocity component for m* ¼ 10. It is

Figure 10. Normalized particle mass concentration pro-
files for m* 5 2.5 and 10 and for u 5 15 m/s.

Figure 11. Normalized components of the angular par-
ticle velocity.

Figure 12. Normalized axial velocity profiles of the gas-
eous phase for an average velocity of 6 m/s
and m* 5 2.5 with different force effects.

Figure 13. Normalized particle mass concentration pro-
files for average velocity of 6 m/s and m* 5
2.5 with different force effects.
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observed that the increase of the loading does not signifi-
cantly affect this curve.

Figure 12 shows the profiles of the axial velocity and Fig-
ure 13 shows the particle mass concentration across the
whole length of the flow, that is, from the top wall to the
bottom wall for the following three different conditions:

1. When all forces are included in the modeling,
2. when there is no lift force effect in the modeling of

the flow, and
3. when there are not lift and gravitation forces.
As one may notice the effect of the lift forces on the

shape of the flow profiles in these plots. The impact of the
lift forces together with the gravitation force results in an
asymmetric distribution of the velocities, the turbulent ki-
netic energy, and the mass concentration. The absent of
gravity forces results, as expected, in symmetrical distribu-
tions of particle mass concentration from top to bottom
walls.

Conclusions

The full three-dimensional RANS numerical method was
developed with the appropriate system of closure equations
for the transport of gas–solids mixtures. The model includes
the three-dimensional linear momentum interactions as well
as angular momentum interactions. Some of the three-dimen-
sional closure equations have been developed from analytical
considerations and are used in this study for the first time.
The numerical simulation includes the effects lift forces in
three dimensions by incorporating the effects of the angular
velocity of the particles on the general particle motion. Inter-
particle collisions particle–wall collisions and similar interac-
tions close to the boundaries are also included in the compu-
tations.

The results of the model and the closure equations are rea-
sonable and show very good agreement with available exper-
imental data. It is apparent in all the results that the gas flow
becomes asymmetric because of the sedimentation of the
particle phase. Also, that the presence of the solid particles
has a significant effect on all the flow profiles including the
turbulence intensity distribution. One of the advantages of
the three-dimensional model, as compared to similar two-
dimensional models is that it shows clearly the interactions
of the azimuthal and radial components both the linear and
the angular velocities.

The three-dimensional two-phase flow modeling is of high
relevance for several natural phenomena and engineering
processes, where the effects of gravity result to the flow
asymmetry. This flow asymmetry cannot be accounted for in
two-dimensional models and may be connected to the Boy-
cott effect, density wave propagation, and other physical
effects related to the different densities of the two phases.
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29. Schiller L, Nauman AA. Über die grundlegenden Berechnungen bei
der Schwerkraftaufbereitung. Z Ver Dtsch Ing. 1933;77:318–320.

30. Tran-Cong S, Gay M, Michaelides EE. Drag coefficients of irregu-
larly shaped particles. Powder Technol. 2004;139;21–32.

31. Crowe CT, Sommerfeld M, Tsuji Y. Multiphase Flows With Drop-
lets and Particles. Boca Raton, Florida: CRC Press LLC, 1998.

32. Mei R. An approximate expression for the shear lift force on a
spherical particle at finite Reynolds number. Int J Multiphase Flow.
1992;18:145–147.

33. Kartushinsky A, Michaelides EE. An analytical approach for the clo-
sure equations of gas-solid flows with inter-particle collisions. Int J
Multiphase Flow. 2004;30:159–180.

34. Pourahmadi F, Humphrey JAC. Modeling solid-fluid turbulent flows
with application to predicting erosive wear. Phys Chem Hydrodyn.
1983;4:191–219.

35. Shraiber AA, Yatsenko VP, Gavin LB, Naumov VA. Turbulent
Flows in Gas Suspensions. New York: Hemisphere Publishing
Corp., 1990.

36. Zaichik LI, Alipchenkov VM. Statistical models for predicting parti-
cle dispersion and preferential concentration in turbulent flows. Int J
Heat Fluid Flow. 2005;26:416–430.

37. Happel J, Brenner H. Low Reynolds Number Hydrodynamics. Lei-
den: Noordhoff International Publishing, 1973.
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